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Introduction

C OLLAPSED dimension method (CDM) is one of the ray trac-
ing methods used for the solution of radiative transfer prob-

lems. Development of this method is partly based on the works
of Shih and Chen1 and Shih and Ren2 on the discretized intensity
method. Some light on the method was thrown by Blank.3 Subse-
quent developmentof the method was made by Blank and Mishra.4

Detailed description of this method is available in Ref. 5.
In CDM, three-dimensionalradiative information is mapped into

a two-dimensionalsolutionplane in terms of effective intensity (EI)
andoptical thicknesscoef� cient (OTC). Thus, unlikeothermethods,
analysis and computations in this method are performed in a two-
dimensional solution plane instead of three-dimensionalspace.

CDM has beenused for the solutionof radiativetransferproblems
with highaccuracy.4;5 Thismethodhasbeenfoundto work for a wide
rangeof optical thickness (very low to high optical thickness).5 Fur-
thermore, CDM has also been found to work well for the conjugate
mode heat transfer problems.6;7

In CDM, for determinationof heat � ux and temperature informa-
tion, at each point of interest EIs have to be integrated over planar
angle in the solutionplane.Theseangularintegrationsareperformed
by dividing the planar angle into intervals of equal sizes. In each
subinterval, EI is assumed isotropic. Hence, for higher accuracy,
CDM requires more EIs and, thus, higher computational time.

In the presentwork, with the objectiveof makingCDM more eco-
nomical, the method is modi� ed. In the modi� ed CDM (MCDM),
angular integrations of the EIs are performed differently. The dis-
cretizationand integrationsperformed in this method originatefrom
the concept of the discrete ordinate method (DOM). Here, the pla-
nar angle is divided into a � nite number of subintervals according
to the number of Gaussian quadraturepoints considered.Hence, in
MCDM, angular subintervals are unequal and instead of consider-
ing average values of interval, the weighted mean corresponding
to the Gauss points is considered. With this, the method becomes
more realistic, and it derives computational ef� ciency with a more
realistic representationof the radiative transfer process.

In the present work, improvements in MCDM over CDM are
tested by solving radiative transfer problems in one- and two-
dimensional Cartesian enclosures with gray and homogeneous,
absorbing, emitting, and anisotropically scattering medium. Both
radiative and nonradiative equilibrium situations are considered.
MCDM and CDM results are compared with results from the exact
method5 and DOM.8

Formulation
The distributionofEIs and angularthicknessof thediscreteplanes

(DP) in both CDM and MCDM are shown in Figs. 1a and 1b. As
shown in Fig. 1a, the distribution of EI for CDM is obtained by
dividing the angle of the EI into equal intervals. Intensities in each
subdivision are isotropic. On the other hand, intensity distribution
for MCDM is obtained by dividing the angle of the EI according
to the number of Gaussian quadrature points under consideration
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(Fig. 1b). In Figs. 1a and 1b, for both the cases, angular thickness
of the DP and location of EI in each DP are shown for � ve EIs.

Note from Figs. 1a and 1b that, unlike CDM, the distribution of
EI is uneven in the case of MCDM, and the weighted mean of EI
at correspondingGaussian points is considered for calculation.The
distribution of EI in MCDM is analytically better represented than
CDM.

In CDM, EI I in a DP, with angular thickness d®, is de� ned as

I .®/ D ± PQ
dA sin ® d®

(1)

where ± PQ is the differential energy � ow rate through the elemental
area dA and ® is the planar angle of EI measured from the surface
under consideration.

In a general enclosure, heat � ux at the control volume central
surface point (CVSCP), m, due to a semicircle of EIs focusing at
point m in the direction M is given by

qM ;m D
Z

¼

® D 0

I .®/ sin ® d® (2)

To get the net heat � ux at the same point, intensities in the other
semicircle (¼ < ® · 2¼ ) has to be integrated. In Eq. (2), EI is found
using the integral form of the radiative transfer equation given by

I [¿.®/] D I .0/ exp[¡¿ .®/´]

C
Z

¿ .®/

¿ 0 D 0

S.¿ 0/ exp[¡.¿ .®/ ¡ ¿ 0/´] d.¿ 0´/ (3)

where ¿.®/ is the optical thickness at any point along a particular
effective ray path direction ® and ´ is the OTC.5 In Eq. (3), the
source function S.¿ / is given by

S.¿/ D .1 ¡ !/Ib C !

2¼

Z

®0 D 2¼

I [¿ .® 0/] p.® 0 ! ®/ d®0 (4)

where p.® 0 ! ®/ is the phase function. In case of linear anisotropic
scattering, it is given by

p.® 0 ! ®/ D 1 C a1 sin ® sin ®0 (5)

From Eq. (4), the source function in terms of incident radiation
G and heat � ux q can be written as

a)

b)

Fig. 1 Distribution of effective intensities and angular thickness of the
discrete planes in a) CDM and b) MCDM.
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S.¿/ D .1 ¡ !/Ib C .1=2¼/[!G C .a1!/ sin ® q] (6)

Under radiative equilibrium condition, r ¢ q D 0, and this yields
G D 2¼ Ib . In this situation, the source function simpli� es to

S.¿ / D .1=2¼/[G C .a1!/ sin ® q] (7)

In the � nite difference procedure, to � nd EI at any point m, inte-
gration in Eq. (3) is performed over a short path leg. Over this path
leg, the source function given by Eq. (6) can be assumed constant.
In this situation, Eq. (3) takes the form

I [¿ .®/] ¼ I .0/ exp[¡¿ .®/´] C S[¿.®/=2][1 ¡ exp.¡[¿.®/´] (8)

where S[¿ .®/=2] is the value of the source function at the middle of
the integrationpath. In Eq. (8), I .0/ is the boundary intensity.For a
diffuse gray boundary wall with emissivity ²w and temperature Tw ,
the boundary intensity is given by

I .0/ D ²w

¾ T 4
w

2
C 1 ¡ ²w

2

Z ¼

® D 0

I .®/ sin® d® (9)

where the � rst term on the right-hand side represents the emitted
component of EI and the second term is the re� ected component of
theEI. InCDM, theheat � uxqM ;m at anyCVSCP m canbe calculated
by the numerical integration of Eq. (2) by considering the � nite
number of EIs I .®/ incident on the CVSCP and contained within
the semicircle corresponding to the directions M . Thus, Eq. (2) can
be written as

qM;m D

" Z ¼

0

I .®/ sin ® d®

#

M ;m

D

"
NX

n D 1

cn I .®n/

#

M ;m

(10)

where in general

cn D jcos[®n C .1®n=2/] ¡ cos[®n ¡ .1®n=2/]j (11)

and jj indicates the absolute value. The term 1®n is the angle over
which the nth EI, I .®n/, is acting. The effective incident radiation
G at any CVSCP m is found from the relation

Gm D

" Z 2¼

0

I .®/ d®

#

m

D

"
2NX

n D 1

I .®n/1®n

#

m

(12)

where, in the preceding equations, N is the number of EIs over
0 · ® · ¼ .

Heat � ux qM;m and the incident radiation Gm at the CVSCP m
given by Eqs. (9) and (11) are expressed in MCDM using Gaussian
quadrature (Fig. 1b), respectively, in the following form:

qM ;m D .¼=2/6w f .¹/I .¹/ sin ® (13)

Gm D 1
2 6w f .¹/I .¹/ (14)

where ¹ D cos® and w f .¹/ is the weight factor.
For the purpose of calculation, quantities such as EI I , source

function S, boundary intensity I .0/, heat � ux qM ;m , and effec-
tive incident radiation Gm in the preceding equations are non-
dimensionalized as

I ¤ D
I

¾ T 4
R

¯
2

; S¤ D
S

¾ T 4
R

¯
2

; I ¤.0/ D
µ

I .0/

¾ T 4
R

¯
2

¶

9M ;m D
qM;m

¾ T 4
R

; G¤
m D

Gm

¾ T 4
R

¯
2

(15)

where TR is the reference temperature and it has been chosen de-
pending on the nature of the problem.

Results and Discussion
Improvements in MCDM over CDM are tested by solving

some sample radiative transfer problems in nonradiative and ra-
diative equilibrium situations. For this purpose, a two-dimensional
square and one-dimensionalCartesian enclosure are chosen for ra-
diative nonequilibriumand radiative equilibriumsituations, respec-
tively.

Nonradiative Equilibrium

In a nonradiativeequilibriumsituation,boundingwalls of the two-
dimensional square enclosure are considered black. The contained
gray-homogeneous medium is absorbing–emitting. The boundary
walls of the enclosure are cold, and the medium is isothermal with
temperature Tg . In this situation, variationsof nondimensionalwall
heat � ux 9 with normalized distance x=L X along one of the walls
(for example, the north wall) are studied for different value of ex-
tinctioncoef� cients ¯ . For a chosen number of rays, both CDM and
MCDM results are compared with results from the DOM provided
in Ref. 8. Here, for nondimensionalization of heat � ux, medium
temperature Tg has been chosen as reference temperature TR .

In Fig. 2, variations of nondimensional heat � ux 9 along one
of the walls of a square enclosure are presented. These results are
presented for three values of extinction coef� cient ¯ , that is, 0.1, 1,
and 5. For (20 £ 1) control volume, both MCDM and CDM results
have been obtained with 16 and 32 EIs, respectively. In Fig. 2,
both MCDM and CDM results are compared with results from the
DOM.8 The reported DOM results are for (21 £ 21) spatial with S8

approximations(80 angular discretizations). From resultspresented
in Fig. 2, note that MCDM with 16 EIs compares very well with
32 EIs of CDM and DOM with 80 angular discretizations.

Radiative Equilibrium

In the radiative equilibrium situation, for the one-dimensional
blackCartesianencolsure,the southwall is at a � nite temperatureTS ,
whereas the north wall is at zero temperature,TN D 0. The gray and
homogeneous medium is absorbing, emitting, and anisotropically
scattering. In this case, variationsof wall heat � ux 9 with enclosure
optical thickness ¿L from MCDM and CDM are compared with the
exact results.5 Here, south wall temperature TS has been taken as
the reference temperature.

Table 1 Absolute % error in wall heat � ux W for MCDM and
CDM with respect to exact results; a1! = ++ 1.0, 6 EIs, and 50

control volumes

¿L Exact MCDM Error CDM Error

0.5 0.7716 0.7632 1.0886 0.7622 1.2182
1.0 0.6409 0.6401 0.1248 0.6330 1.2326
2.0 0.4860 0.4831 0.5967 0.4823 0.7613
3.0 0.3883 0.3898 0.3863 0.3956 1.8800
5.0 0.2796 0.2804 0.2861 0.2957 5.7582

Fig. 2 Variation of nondimensional wall heat � ux W along one of the
walls of a two-dimensional square enclosure; comparison of CDM and
MCDM results with DOM results.
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Table 2 Absolute % error in wall heat � ux W for MCDM and CDM with respect to exact
results; a1! = ¡¡ 1.0, 6 and 16 EIs, and 50 control volumes

6 EIs 16 EIs

¿L Exact MCDM Error CDM Error MCDM Error CDM Error

0.5 0.6467 0.6392 1.1597 0.6438 0.4484 0.6451 0.2474 0.6487 0.3093
1.0 0.4849 0.4852 0.0619 0.4833 0.3300 0.4873 0.4949 0.4907 0.5800
2.0 0.3267 0.3308 1.2550 0.3275 0.2449 0.3294 0.8264 0.3345 2.3875
3.0 0.2441 0.2524 3.4002 0.2498 2.3351 0.2502 2.4990 0.2556 4.7112
5.0 0.1623 0.1704 4.9908 0.1723 6.1643 0.1680 3.5120 0.1766 8.8108

For the radiative transfer problem in the one-dimensionalCarte-
sian enclosure, for the problem under radiative equilibrium, com-
parisons of wall heat 9 results of MCDM and CDM with that of
exact results are made in Tables 1 and 2. In Tables 1 and 2, com-
parisons are made for ¿L D 0.5, 1, 2, 3, and 5. For results presented
in Table 1, anisotropy a1! is taken as C1, whereas that for the re-
sults presented in Table 2, a1! D ¡1. For linear anisotropic phase
function considered in this work, these two values represent 100%
forward and 100% backward scattering situations, respectively.For
results presented in Table 1, comparisons are made with 6 EIs and
50 control volumes. In Table 2, for 50 control volumes, 6 and 16
EIs are used in MCDM and CDM respectively.Note from Tables 1
and 2 that for equal numbers of EIs and control volumes, accuracy
in MCDM is greater than that of CDM.

Note that for the absorbing–emitting isothermal medium un-
der nonradiative equilibrium situation considered in this work, the
source function in Eq. (6) is unity. Hence, to arrive at Eq. (8), no
approximationis required.Thus, for calculationof wall heat � ux, ef-
fective intensitieshave been found in a single step, starting from the
point of origin to the point of interest. In this situation, the number
of control volumes chosen is just to get the radiative information at
the locations.However, in situations in which source function is not
constant,for example, even the absorbing–emitting case of radiative
equilibrium situation considered in this work, to get Eq. (6) from
Eq. (8) the integration path leg has to be small enough to comply
with the assumption that source function remains constant over the
integrationpath. This justi� es the considerationof the large number
of control volumes in the calculation of 9 in Tables 1 and 2.

Conclusions
CDM hasbeenmodi� ed for the solutionof radiativetransferprob-

lems with participatingmedium. This has been done by utilizing the
concept of Gaussian quadrature to determine the angular locations
of the effective intensity and angular thickness of the DPs. The
present method for discretization and angular integration gives the

positive features of the DOM. The improvements in MCDM have
been tested with a two-dimensional square and one-dimensional
gray Cartesian enclosure for nonradiativeand radiative equilibrium
situations, respectively. For an equal number of rays, MCDM re-
sults for heat � ux have been found to be more accurate than CDM
results.
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